Abstract. This paper is concerned with amoeba median filtering, a structure-adaptive morphological image filter. It has been introduced by Lerallut et al. in a discrete formulation. Experimental evidence shows that iterated amoeba median filtering leads to segmentation-like results that are similar to those obtained by self-snakes, an image filter based on a partial differential equation. We investigate this correspondence by analysing a space-continuous formulation of iterated median filtering. We prove that in the limit of vanishing radius of the structuring elements, iterated amoeba median filtering indeed approximates a partial differential equation related to self-snakes and the well-known (mean) curvature motion equation. We present experiments with discrete iterated amoeba median filtering that confirm qualitative and quantitative predictions of our analysis.
Introduction
Morphological amoebas are a class of morphological image filters in which structuring elements adapt to image structures with a maximum of flexibility. They have been introduced by Lerallut et al. [11, 12] . In the amoeba construction, the structuring elements adapt locally to the variation of grey (or colour) values, also taking into account the distance to the origin pixel. Thereby, large deviations in the image values are penalised, so that the amoebas may grow around corners or along anisotropic image structures. Using the resulting shape as a structuring element, many filtering procedures can be applied on it. In this paper, we are particularly interested in the use of the median filter.
Iterated application of amoeba median filtering (AMF) can be carried out in different ways. In [11] , a pilot image is used to steer the iterated processes via an alternating procedure. This works as follows. A smoothed version of the original image f is used for constructing amoebas for all pixels. Then, the median filter is applied using the corresponding structuring elements. The filtered image is in turn used for constructing new amoebas, and these amoebas are then used as structuring elements to filter the original image f . We concentrate for this paper on more straightforward iterative procedures for AMF, using pixelwise the following steps subsequently: (i) amoeba construction, and (ii) median filtering using the amoeba as structuring element.
For iterated median filtering with a fixed structuring element, work by Guichard and Morel [7] has brought out that, in the continuous-scale limit, it approximates the partial differential equation (PDE) u t = |∇u| div ∇u/ |∇u| , known as (mean) curvature motion [1] . In this sense, iterated discrete median filtering with a fixed structuring element can be understood as a specific discretisation of that PDE.
Iterated AMF simplifies images towards a cartoon-like appearance with homogeneous regions separated by sharp contours. Even corners are preserved fairly well, in contrast to median filtering with a fixed structuring element. Using PDE approaches, similar segmentations can be achieved e.g. by so-called self-snakes [14, 18] . These are filters that stand in close relationship to curvature motion, with the difference that the evolution is modulated by an edge-stopping function depending on the local image gradient. Thereby the displacement of edges is avoided, and edges are sharpened. In the light of Guichard and Morel's abovementioned result it is therefore natural to ask whether there exists a similar correspondence between a continuous-scale limit case of amoeba filters and a self-snakes-like PDE.
In the present paper, we address this question. We prove that iterated amoeba filtering can indeed be understood as a discrete approximation of a PDE which is related to curvature motion. We discuss how different choices for the distance measures involved in the amoeba definition influence the limit case.
Our results extend the framework of known correspondences between discrete and PDE formulations of morphological filters. The study of these relationships helps to gain a unified view on image filtering methods and to combine advantages of both approaches.
Related work. Median filtering in its non-adaptive form goes back to Tukey [16] and became common as a structure-preserving image filter in the 90s [6, 9] .
On the PDE side, (mean) curvature motion for image smoothing has been proposed by Alvarez et al. [1] , already together with the generalisation of the basic PDE by multiplying the right-hand side with a decreasing function of the image gradient. Sapiro [14] proposed a variant of this idea, named self-snakes, in which the edge-stopping factor is placed within the divergence expression. While curvature motion smoothes in level-line direction only, Caselles et al. [3] defined for image interpolation purposes a process that smoothes exclusively in gradient direction, called adaptive monotone Lipschitz extension (AMLE). The representation of an image as a manifold embedded in the product space of image domain and greyvalue range has been introduced in PDE-based image filtering with the so-called Beltrami framework by Kimmel et al. [8] and Yezzi [19] .
Since the seminal paper by Guichard and Morel [7] further cross-relationships between discrete and PDE-based image filters have been studied. For example,
